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a b s t r a c t
Mobile genetic elements such as plasmids are increasingly becoming thought of as evolutionarily
important. Being horizontally transmissible is generally assumed to be beneficial for a gene. Using several
simple modelling approaches we show that in fact being horizontally transferable is just as important
for fixation as being beneficial to the host, in line with other results. We find fixation probability is
approximately 2(s + β), where s is the increased (vertical) fitness provided by the gene, and β the
rate of horizontal transfer when rare. This result comes about because when the gene is rare, almost
all individuals in the population are possible recipients of horizontal transfer. The ability to horizontally
transfer could thus cause a deleterious gene to become fixed in a population evenwithout hitchhiking. Our
findings provide further evidence for the importance andubiquity ofmobile genetic elements, particularly
in microorganisms.
© 2013 The Authors. Published by Elsevier Inc. Open access under CC BY-NC-ND license.1. Introduction
The fixation probability of novel beneficial mutant alleles has
been the subject of theoretical attention for nearly a century
(Patwa and Wahl, 2008). In asexual populations novel mutations
are likely to be particularly important for adaptation because
without recombination to otherwise alter gene frequencies or
produce beneficial combinations of alleles (Crow and Kimura,
1965; Fisher, 1930; Muller, 1932, 1964) novel mutations are
the only way for a population to adapt to its environment.
The ability of bacteria to adapt to new environments could be
crucial in leading to the evolution of antibiotic resistance, a major
public health problem (World Health Organization, 2000). An
understanding of fixation probabilities in bacteria is therefore
desired, and of the many models relating to fixation probabilities
(Patwa and Wahl, 2008), there have been several that explicitly
considered bacterial populations, incorporating the effect of clonal
interference (Gerrish and Lenski, 1998), and of particular details
about bacterial reproduction (Johnson and Gerrish, 2002).
One aspect of bacterial genetics that is believed to be of great
importance is the high frequency of mobile genetic elements
that spread through a population by horizontal gene transfer
(the process of transferring genetic material to neighbouring
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Open access under CC BY-NCindividuals). Though it has been known about for years (Lederberg
and Tatum, 1946; Zinder and Lederberg, 1952), the prevalence,
scale, and evolutionary significance of horizontal gene transfer
have recently become subjects of great interest (Bergstrom et al.,
2000; Bordenstein and Reznikoff, 2005; Goldenfeld and Woese,
2007; Kurland et al., 2003; Ochman et al., 2000; Rankin et al.,
2010; Sørensen et al., 2005; Thomas and Nielsen, 2005), and its
importance to the evolution of bacteria has been suggested to be
huge (Frost et al., 2005; Goldenfeld and Woese, 2007; Ochman
et al., 2000).
In this paper, we investigate the fixation probability for a
gene that can be transferred horizontally. Horizontal gene transfer
mainly occurs in three ways (Bordenstein and Reznikoff, 2005; de
la Cruz and Davies, 2000): through transformation, in which naked
DNA is taken up from the environment; through transduction, in
which bacteriophages integrate DNA into the host chromosome;
and through conjugation, inwhichDNA transfer occurs cell-to-cell,
often mediated by plasmids. Plasmids are particularly important
in understanding bacterial evolution, frequently encoding traits
such as antibiotic resistance and virulence factors, for reasons
still imperfectly understood (Eberhard, 1990; Rankin et al., 2010).
Reflecting this importance, our model is mainly applicable to
plasmid conjugation, since it is based on cell-to-cell transfer of
a mobile gene. We consider an idealised system in which a
single plasmid enters a population (perhaps from an external
species), and see how much its horizontal transferability affects
its fixation probability. Our results could also apply to mobile
genetic elements more generally, as long as they are transferred
horizontally from one host to another at some rate. This could also
apply to transposable genes, for example.
Existing calculations of fixation probability for novel horizon-
tally-transferable genes employ continuous time birth–death
-ND license.
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fixation probabilities are calculated as a byproduct of other
investigations. In this paper, by contrast, we use two different
simplemodelling frameworks to approach the problem. Our use of
simple models allows us to focus entirely on fixation probability,
thus giving it a thorough treatment. By using two different
modelling approaches we aim to avoid as much as possible a
result that is the artefact of a model rather than the underlying
process. Our two methods are branching processes (Haldane,
1927), and diffusion approximations (Kimura, 1962). While the
use of diffusion approximations is novel in regard to fixation
probabilities for horizontally-transferable genes, both approaches
are taken from the classical treatises on fixation probabilities, and
have a history of application to such problems more generally
(Patwa and Wahl, 2008). Within each approach, we allow for the
mutant allele to be transferred both horizontally and vertically.
Since the order of life cycle events has been shown to affect fixation
probabilities in the past (Johnson and Gerrish, 2002), we also
alter the order of events within the life cycle for each approach,
investigating both the casewhere horizontal transfer occurs before
vertical transfer, and the contrary case, where vertical transfer
occurs before horizontal transfer.
To explain ourwork,we first describe the common assumptions
behind both of our modelling approaches, and then go into details
within each approach, outlining first the branching processes and
then the diffusion approximations. We provide the details for
changing the order of the life cycle within each approach. We then
show that all fourmodels lead to the same approximate result, and
discuss its importance, connections to previous work, and possible
future work.
2. Model
We assume a large population of bacteria with a fixed size N .
We suppose that the bacterial life cycle has distinct periods of
growth and division, with division being instantaneous. Fitness is
genetically determined. We define two genotypes, the wild type
and the mutant. We suppose that the mutant begins at a very low
frequency. Because of its initial scarcity, there is some probability
that stochastic demographic fluctuations might make the mutant
type go extinct over the long term. We calculate the probability
that this stochastic extinction does not occur, and refer to this as
the probability of fixation of the mutant gene.
The novelty of our work is that the mutant gene can be
transferredhorizontally. Thismeans that its frequency can increase
through horizontal transfer in addition to increasing via its affect
on the survival and reproduction of its bearers (‘‘vertical transfer’’).
We therefore need to incorporate both these processes into our
models. For mathematical tractability we investigate horizontal
and vertical transfers as distinct phases. Tominimise the possibility
that this assumption unduly informs our results, we alter the
order of these events, analysing the situation when horizontal
transfer occurs before vertical, and when it occurs after. Thus our
two different life cycles are as follows: (1) horizontal transfer,
then vertical transfer (i.e. selection and breeding), then census the
genotypes, and (2) vertical transfer (i.e. selection and breeding),
then horizontal transfer, then census the genotypes. Investigating
both of these possibilities minimises the likelihood of our results
being an artefact of the life cycle assumptions, especially important
since in reality horizontal and vertical transfers are not distinct,
discrete phases.
2.1. Branching process
For our branching process approach, we break the vertical
transfer portion of the life cycle into survival and breeding periods
(Johnson and Gerrish, 2002). The survival period comes first,followed by breeding, which is assumed to be instantaneous. All
individuals that make it through the survival period reproduce,
transforming from a single mother cell to two clonal daughter
cells. If we denote the probability that a mutant individual makes
it through the survival period by p, then the number of copies of
the mutant gene produced by that individual via vertical transfer
will be a random variable that can be zero (if the mutant does not
survive, probability 1 − p), or two (if the mutants survives and
therefore reproduces, probability p). The mean number of copies
from vertical transmission is therefore 2p. If the mutant allele is
beneficial we can follow the standard approach (Haldane, 1927;
Johnson and Gerrish, 2002; Patwa and Wahl, 2008), and define
the expected (vertical) fitness of a mutant as 1 + s for some s,
meaning p = (1+s)/2. To analyse themodel we utilise probability
generating functions (PGFs). In the case of vertical transfer, the PGF
is v(y) = (1− p)+ py2 (Parzen, 1962).
For horizontal transfer, the mass action principle is typically
used to approximate the spread of the horizontally-transferable
elements (Ross, 1915). Given a proportion x of individuals bearing
the gene, this states that the number of horizontal transfer events
will be proportional to x(1 − x). Then for some transfer rate β
the expected number of transfers per individual is β(1 − x). We
could model the number of transfers by a single individual as a
Poisson distribution with this mean, but presuming that β ≪ 1,
the chance of more than one horizontal transfer event is very
unlikely, and we can instead approximate this distribution by a
Binomial distribution with a single trial. We incorporate this into
our branching process framework by further supposing that x ≈ 0
(at least for the portion of time where the gene could be lost by
stochastic fluctuations), so that the probability of success of the
single Binomial trial is β (for our branching process approach to
be valid the horizontal transmission cannot depend on (1 − x)
since the fates of each individual in the population are assumed
to be independent). Then the number of additional copies of the
mutant gene produced by a single individual via horizontal transfer
is a random variable that can be zero (if horizontal transfer does
not occur, probability 1 − β) or one (if horizontal transfer does
occur, probabilityβ). The PGF for horizontal transfer is then h(y) =
(1− β)y+ βy2.
We start with a single mutant individual. Combining the two
types of transfer will result in a random variable X describing the
number of offspring descending from this individual at the next
census, where ‘‘offspring’’ here means bearers of the mutant allele
due to either vertical or horizontal transfer by the individual in
question. This variable will have PGF m(y). We denote by Q (t)
the probability that a single copy of the mutant allele present at
time t in the population is ultimately lost (Johnson and Gerrish,
2002). Assuming that the population is sufficiently large and
mutant alleles sufficiently rare (at least while stochastic extinction
is a threat) so that different copies of the mutant allele act
independently of one another, a single copy present at time t has
the same probability of eventually being lost as a single copy at
time t + 1, so consequently Q (t) = Q (t + 1) = Q for all t , and
we can say that the probability of extinction given i copies of the
allele is Q i (Haldane, 1927; Parzen, 1962). The standard branching
process procedure (Haldane, 1927; Parzen, 1962) then gives the
probability of the mutant being lost from the population as the
solution to
Q = m(Q ) (1)
in the neighbourhood of zero (Haldane, 1927). We solve this, sub-
stitute in p = (1+ s)/2, and then calculate P = 1− Q , the proba-
bility that the mutant allele does not go extinct. This expression is
generallymessy and complicated, sowe simplifymatters by taking
a Taylor series approximation of it when s2 ≈ 0, β2 ≈ 0, neglect-
ing higher-order terms in s and β , and getting an approximate ex-
pression for the probability of fixation of the mutant allele starting
from a single copy.
S.J. Tazzyman, S. Bonhoeffer / Theoretical Population Biology 90 (2013) 49–55 512.1.1. Horizontal transfer before vertical transfer
If horizontal transfer is before vertical transfer, we havem(y) =
v ◦ h(y), where v and h are the PGFs for vertical and horizontal
transfers respectively described above, and ◦ denotes composition,
so that v ◦ h(y) = v(h(y)). This gives
m(y) = 1− p+ p(1− β)2y2 + 2pβ(1− β)y3 + pβ2y4. (2)
Solving Q1 = m(Q1)will give us the probability of extinction in the
horizontal-before-vertical case, denoted as Q1, from which we can
calculate the fixation probability P1 = 1− Q1.
2.1.2. Vertical transfer before horizontal transfer
We could proceed in the same way, and define a PGF for this
case as h ◦ v(y). However, instead we note that if we can write Q1
from the horizontal-before-vertical case as
Q1 = lim
i→∞(v ◦ h)
i(y)|y=0,
where (v ◦h)i(y) denotes a composition i times, and so limi→∞(v ◦
h)i(y) is the infinite composition. Then
Q2 = lim
i→∞(h ◦ v)
i(y)|y=0
= h ◦ v ◦ h ◦ v ◦ · · · (y)|y=0
= h ◦ lim
i→∞(v ◦ h)
i(y)|y=0
= h(Q1).
We can then calculate P2 = 1− Q2.
2.2. Diffusion approximation
For our diffusion approximation model, we do not break down
the vertical transfer process, but rather suppose that the expected
number of offspring due to survival and breeding from a mutant
individual is 1+s, as opposed to 1 from awild type individual. Then
the horizontal transfer process is modelled as mass action kinetics
(Ross, 1915), so that given a proportion x of the population with
the mutant allele at a given generation, an additional proportion
βx(1 − x) become mutants due to horizontal transfer by the next
generation, where again β controls the rate of transfer events.
Oncewe have defined the life cycle we establish the fitnesses of
mutant and wild type individuals, given a proportion x of mutant
individuals. We can express the fitnesses as quotients wm/w¯ and
ww/w¯ for mutant and wild type respectively, where w¯ is the
average fitness, defined as w¯ = xwm + (1 − x)ww . Since wm and
ww are only defined relative to each other we can additionally set
ww = 1, so w¯ = 1+x(wm−1).We then define a randomvariable C
such that with probability xwm/w¯, C = 1/N , and with probability
(1 − x)/w¯, C = 0. Then the expectation of C is E[C] = xwm/w¯N ,
and the variance Var[C] = E[C](1− E[C])/N .
We model X , the proportion of mutant individuals at the next
census, as a random variable defined as the sum of N independent
copies of C ,
X =
N
i=1
C .
Then E[X − x] = z(1 − z)(wm − 1)/w¯ and Var[X − x] =
x(1 − x)wm/Nw¯2 (Supporting information). We could use
these values to define a stochastic difference equation for the
proportion of mutants x at each generation, but to simplify
things we instead make a weak selection assumption, and change
the stochastic difference equation into a stochastic differential
equation (Supporting information), replacing E[X−x] and Var[X−
x] with expressions E[∆x|x = z] = M(z) and Var[∆x|x = z] =
V (z). Then we calculate the fixation probability u(x) starting froma proportion x using the Kolmogorov backward equation (Kimura,
1962), so that
u(x) =
 x
0 G(z)dz 1
0 G(z)dz
where
G(z) = exp

−

2M(z)
V (z)
dx

.
We are particularly interested in u(1/N), the fixation probability
starting from a single copy of the mutant allele (Kimura, 1962).
2.2.1. Horizontal transfer before vertical transfer
After horizontal transfer, a proportion x+βx(1− x) are mutant
individuals, and a proportion 1 − x − βx(1 − x) are wild type
individuals. Then vertical transmission takes place, with 1 + s
offspring expected per mutant compared to 1 per wild type. After
normalising so thatww = 1, we obtainwm as
wm = 1+ s+ β + βs+ β
2x
1− βx . (3)
2.2.2. Vertical transfer before horizontal transfer
Vertical transfer results in (1 + s)x mutant individuals, and
1− x wild type individuals. The proportion of the population that
becomesmutants after horizontal transfer is β(1+ s)x(1−x)/(1+
sx). After normalising so thatww = 1, we obtainwm as
wm = 1+ s+ β + βs+ β
2x+ βsx(s+ β)
1− βx+ (1− β)sx . (4)
3. Results
3.1. Branching processes
3.1.1. Horizontal transfer then vertical transfer
Due to the complexity of the equations involved, we made use
of Mathematica for the following mathematical analysis (Wolfram
Research Inc, 2010). Substituting Eq. (2) into Eq. (1) gives
Q1 = 1− p+ p(1− β)2Q 21 + 2pβ(1− β)Q 31 + pβ2Q 41 .
We solve this for Q1, and then substitute in p = (1 + s)/2
(supporting information). Taking a Taylor series expansion of P1 =
1− Q1 around s = 0, β = 0, gives
P1 ≈ 2(s+ β).
3.1.2. Vertical transfer then horizontal transfer
From above, Q2 = h(Q1) = (1 − β)Q1 + βQ 21 , and Q1 =
1 − P1 ≈ 1 − 2(s + β), so ignoring higher-order terms we get
Q2 = 1− 2(s+ β). Thus
P2 ≈ 2(s+ β).
3.2. Diffusion approximation
3.2.1. Horizontal transfer then vertical transfer
Eq. (3) gives
M(z) = z(1− z)(s+ β)
and
V (z) = z(1− z)
N
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u = u

1
N

= 1− e
−2(s+β)
1− e−2N(s+β) ,
which is the same as the classic Kimura result (Kimura, 1962) but
with s replaced by s + β . Supposing s + β > 0, and that N is very
large, we obtain
u ≈ 2(s+ β).
3.2.2. Vertical transfer then horizontal transfer
Assumingweak selection,we get the same expressions forM(z)
and V (z) as for the approach when horizontal transfer is first
(supporting information). Thus we again have
u ≈ 2(s+ β),
supposing s+ β > 0, and that N is very large.
4. Discussion
A single novel beneficial allele that is horizontally transferred
at a rate β has a fixation probability ≈ 2(s + β) in a large
population of asexually producing organisms, where the beneficial
mutant provides relative fitness 1+ s. This shows that vertical and
horizontal transfer are equivalent in terms of improving a gene’s
fixation probability. This can be seen clearly when comparing
our results to the classic results for fixation probabilities of non-
horizontally transferable genes, obtained for branching processes
(Haldane, 1927) and diffusion approximations (Kimura, 1962). To
convert those results to ours it is necessary only to replace the term
s with our term s + β . Our main finding is that, from the point
of view of a gene, being horizontally transferable and encoding a
beneficial phenotype are of equal value: both are equally likely to
result in fixation.
We can intuitively explain this finding by considering the fate
of a single novel horizontally-transferable mutant gene. Since
the gene is the only one of its kind, all other individuals in the
population are possible targets for horizontal transfer. The number
of copies of the gene in the next generation can therefore increase
just as well by horizontal transmission as by vertical transmission.
Once the gene reaches an appreciable frequency in the population
this will no longer be true, because when there are many bearers
of the gene it cannot so easily be passed horizontally. By then,
however, it is unlikely to become extinct via stochastic fluctuations
in frequency, but will rather become fixed because each mutant
allele reproduces on average more than one copy of itself in the
next generation.
It is frequently assumed, and has been in some cases suc-
cessfully demonstrated, that horizontally transferred genetic ele-
ments, particularly plasmids, face a trade-off between horizontal
and vertical transmission (Haft et al., 2009; Haldane, 1927; Turner
et al., 1998; Turner, 2004). Our work confirms that such a trade-
off is possible, since what is important for a gene’s fixation prob-
ability is the sum of its excess fitnesses through horizontal and
vertical transmission.Mutations that increase horizontal transmis-
sion (i.e. increase β) at the cost of vertical transmission (i.e. de-
crease s) can only have a positive fixation probability if s + β >
0. Note, though, that this can be true even if s < 0. In partic-
ular, carrying a plasmid can be costly to a cell, for example for
metabolic reasons (Diaz Ricci and Hernández, 2000; Glick, 1995;
Rozkov et al., 2004), or because of the increased susceptibility to
bacteriophage (Jalasvuori et al., 2011). For the plasmid, these costs
may be ameliorated by a sufficiently high horizontal transferabil-
ity. However, whether such transfer is sufficient to maintain plas-
mids in a population in real-world situations has been debatedextensively (Bergstrom et al., 2000; Lili et al., 2007; Stewart and
Levin, 1977). We wish only to note that the fixation probability of
a horizontally-transferable deleterious allele can be non-zero even
discarding such factors as genetic hitchhiking.
While we have shown that horizontal and vertical benefits are
equivalent to a gene, there is an asymmetry between them. From a
vertical transmission perspective, alleles can be beneficial (s > 0),
neutral (s = 0) or deleterious (s < 0), but from a horizontal trans-
mission perspective it is only possible to be horizontally trans-
ferred (β > 0) or not (β = 0). It is not possible for β < 0. This
suggests firstly, that mobile genes are likely to be very common, as
mobility is an excellent evolutionary strategy for a gene (Sørensen
et al., 2005). Secondly, our results show that deleterious genes can
fix by being mobile. We do not know the joint frequency distribu-
tion for values of (β, s) in real life genes, but it would be interest-
ing to establish whether mobile genetic elements are more likely
in general to be deleterious than fixed elements (i.e. whether genes
with β > 0 are more likely to have s < 0), as our work suggests
that this is certainly a possibility.
It is generally believed to be the case that antibiotic resistance
genes are frequently found on plasmids (Eberhard, 1990; Rankin
et al., 2010). Our findings could provide a key biological insight in
this regard. Antibiotic resistance genes are generally assumed to
be costly in the absence of antibiotics (zur Wiesch et al., 2011). If
resistance genes arise on a chromosome in an environment lacking
antibiotics, then they will likely be driven extinct by selection.
However, if they arise on a plasmid (or transfer to a plasmid
background) then the horizontal transferability of the plasmidmay
result in a non-zero fixation probability, as we have shown above.
Thus our results can be interpreted as showing a way in which
antibiotic resistance genes could become fixed in a population
even in the absence of antibiotics, as well as perhaps providing
an answer to why many antibiotic resistance genes are found on
plasmids. The same logic will apply to other kinds of genes found
on plasmids, such as heavy metal and arsenate resistance genes,
and other locally adaptive genes that may be costly in the wrong
environment (Eberhard, 1990; Rankin et al., 2010).
If mobile genetic elements are on average deleterious, then
genomes should attempt to prevent their invasion (Johnson,
2007). In plasmids, segregation can occur, where no plasmids
are transferred to a daughter during cell division. Many plasmids
have evolved mechanisms to prevent this, such as toxin–antitoxin
‘addiction’ systems (Van Melderen and De Bast, 2009), and high
copy numbers. We have neglected to include segregation in our
analysis. Ifwe included it as occurring at some rate per bearer of the
plasmid (Svara and Rankin, 2011), it would prevent fixation in the
strict sense, as the horizontally transferred allelewould not be able
to sweep to fixation due to a constant rate of loss. However, taking
a looser definition of fixation probability as the probability that the
allele does not go extinct while rare due to stochastic fluctuations
in population size (Gerrish and Lenski, 1998), we suspect that
modelling segregation would simply slightly lower the fixation
probability.
Our findings echo earlier work by Bichsel et al. (2010),
who found a similar fixation probability. Their approach is
related to our branching process approach, but they use a much
more complicated multi-type branching process model, and then
estimate the fixation probability for this with a simpler continuous
birth-and-deathmodel. Ourwork corroborates their findingwith a
simpler method. Novozhilov et al. (2005), using a continuous time
birth-and-death process again related to our branching process
approach, found an expression for fixation probability that is
approximately equal to s + β , rather than our 2(s + β), the
difference being because their model is based on a Moran process,
for which fixation is s rather than 2s in the simplest case (Nowak,
2006).
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that the new mutant allele appears on is already established in
the population at the time of appearance of the mutant. If a
plasmid of the same type is already endemic in the population,
and then a single mutation occurs in a plasmid in one individual,
the fixation probability will not be 2(s + β). In our models above,
most of the bacteria in the population are able to be infected
by the new mutant plasmid, and thus horizontal and vertical
transfers are equally beneficial. If, however, the population were
mostly infected with a non-mutant form of the same plasmid this
would not be true, since individuals infected with non-mutant
forms of the plasmid would not be able to pick up the new
gene through conjugation (assuming no plasmid super-infection
was possible). The benefits of additional horizontal transferability
are constrained by the number of potential recipients, while the
benefits to vertical transfer are not. Therefore we would expect
that in these circumstances, the fixation probability of a beneficial
allele would be ≈2s. The situation is in effect the classical one of
a new (vertically) beneficial gene. That this gene is on a plasmid,
rather thanon a chromosome,makes little difference because there
is little or no opportunity for horizontal transmission.
To theoretically validate our findings as much as possible we
have used four different models, and found that (at least in the
region of small s and β) they all provide the same result. Different
modelling frameworks have, in the past, found differing values
for fixation probability based on different assumptions (de la Cruz
and Davies, 2000; Novozhilov et al., 2005; Patwa andWahl, 2008).
Particularly relevant to our work is the finding that the order of
events in a life cycle can have an effect on the fixation probability of
a beneficial mutant allele (Johnson and Gerrish, 2002), particularly
when the distribution of the number of offspring from a given
individual is of a form more appropriate to bacteria than
the standard Poisson distribution (Gerrish and Lenski, 1998;
Haldane, 1927). By using both branching process and diffusion
approximation modelling approaches, and by allowing the order
of the life cycle to vary, we have provided evidence that our results
are robust. However, violating the assumptions that hold in all
four models (e.g. weak selection, large fixed population size, no
spatial or genetic structure) will likely produce different fixation
probabilities. Populations of changing sizes (Otto and Whitlock,
1997), or with some spatial (Whitlock and Gomulkiewicz, 2005)
or genetic structure (Johnson and Barton, 2002), for example
including clonal interference (Gerrish and Lenski, 1998), have all
been found to alter fixation probabilities, and we see no reason
why the same should not be true when horizontal transmission
is additionally taken into account. However, we believe that our
modelling approach is sufficiently simple and clear that it serves
to show the fundamental factor of importance here, namely that
horizontal transmission is as valuable as vertical transmission
from a (rare) gene’s perspective. We therefore predict that to
incorporate horizontal transmission into other estimations of
fixation probabilities, as a first approximation it will be necessary
only to replace the fitness advantage term s with the sum s + β ,
where β is the rate of horizontal transfer.
As a final note, of the three major forms of horizontal gene
transfer (transformation, transduction, and conjugation) our work
applies best to conjugation, since we have used mass action
kinetics to model the horizontal transfer of the gene (explicitly
in the case of the diffusion approximation, and as a basis for
our modelling in the case of the branching process approach).
This may also be an appropriate model for gene cassettes or
transposons (de la Cruz and Davies, 2000), if such elements can
transfer out of a cell at some rate and be taken up by non-bearers
through transformation. It is unlikely, however, to be appropriate
for phage-mediated transduction, particularly where the host cell
undergoes phage-induced lysis following excision of the prophageDNA. In this case the bearer is killed by the horizontally-transferred
DNA, but following lysis the released phage may infect several
other hosts. Therefore some other distribution (perhaps Poisson)
would be more appropriate for modelling horizontal transfer, and
the effect of phage-mediated lysis would have to be incorporated
into the vertical transfer.
In conclusion, we have shown using a variety of approaches
that the fixation probability of a new mutant allele can be greatly
affected if it is horizontally transferable. Indeed, improvements
in horizontal transmission are just as likely to result in fixation
of an allele as providing fitness benefits to the host. Our work
supports the growing belief that horizontal transmission is of great
evolutionary importance.
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Appendix. Supplemental files
A.1. Branching process results
A.1.1. Horizontal transfer then vertical
The equation
Q1 = 1− 1+ s2 +
1+ s
2
(1− β)2Q 21 + (1+ s)β(1− β)Q 31
+ 1+ s
2
β2Q 41
gives four possible solutions. Two are complex, and can be
discarded, and one is Q1 = 1, thus it is the other solution which
we desire. This is the equation in Fig. 1. A Taylor series expansion
of P1 = 1 − Q1 around s = 0, β = 0, discarding results of order
O(s2), then gives the result in the main text.
A.2. Diffusion approximation results
A.2.1. General results
E[X − x] = E[X] − x
= NE[C] − x
= xwm
w¯
− x
= x(1− x)
w¯
(wm − 1)
Var[X − x] = Var[X]
= NVar[C]
= 1
N
xwm
w¯

1− xwm
w¯

= x(1− x)wm
Nw¯2
.
A.2.2. Horizontal transfer then vertical
E[X − x] = x(1− x)
w¯

s+ β + βs+ β
2x
1− βx

,
Var[X − x] = x(1− x)
Nw¯2

1+ s+ β + βs+ β
2x
1− βx

,
54 S.J. Tazzyman, S. Bonhoeffer / Theoretical Population Biology 90 (2013) 49–55Fig. 1. Solution for probability of extinction Q1 under branching process model where horizontal transfer is before vertical transfer.for weak selection we assume that β, s are small, of order O(s). We
can consequently ignore any terms of order O(s2) or higher, and
can also suppose that w¯ ≈ 1. Then
M(z) = E[∆x|x = z]
= z(1− z)(s+ β),
V (z) = Var[∆x|x = z]
= z(1− z)
N
.
A.2.3. Vertical transfer then horizontal
E[X − x] = x(1− x)
w¯

s+ β + βs+ β
2x+ βsx(s+ β)
1− βx+ (1− β)sx

,
Var[X − x] = x(1− x)
Nw¯2

1+ s+ β + βs+ β
2x+ βsx(s+ β)
1− βx+ (1− β)sx

,
for weak selectionwe assume that β, s are small, of order O(s), and
thatwe can consequently ignore anyhigher power terms for either,
and can also suppose that w¯ ≈ 1. Then
M(z) = E[∆x|x = z]
= z(1− z)(s+ β),
V (z) = Var[∆x|x = z]
= z(1− z)
N
.
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